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Abstract. In this paper we will use the WZ algorithm to prove identities between 
Mahler measures of polynomials. In particular, we will offer a new proof of a 



' theorem due to Lalm. We will also show that this theorem is equivalent to a 



formula for elliptic dilogarithms. 



1. Introduction 



^ [ In this paper, we will show that the Wilf-Zeilberger algorithm can be used to 

1^ I prove relations between Mahler measures of polynomials. The (logarithmic) Mahler 

• measure of an ra-variable Laurent polynomial, P{xi, . . . , Xn), is defined by 









• / log 


/o 


Jo 



m(P) := / ... / log|P(e'"'^S...,e2"*^")|d^i...d^„. 



We will primarily be interested in values of the following special function: 

mia) := m. \ a + X -\ hyH — 

\ X y 



In particular, there are many conjectured formulas linking special values of m(a) to 
' the values of L-series of elliptic curves evaluated at s = 2. Deninger hypothesized 

^ . that m(l) should be a rational multiple of L(£',2)/7r^, where E is a conductor 15 

elliptic curve [9]. Boyd used numerical calculations to make the constant explicit: 

m{l) = ^^LiE,2). (1) 

He also conjectured hundreds of other formulas for m{a) [8]. So far, only a small 
fraction of his formulas have been proved. 

In general, it is often much easier to prove identities between Mahler measures, 
than to prove formulas relating them to L- functions. Although (1) is unproven, 
Lalfn recently showed that 

llm(l) = m(16) , (2) 

using algebraic ii'-theory [15]. Rodriguez- Villegas first identified the connection with 
algebraic K-theoij, by demonstrating that identities such as (2) often follow from 
finding relations in the K2 groups of elliptic curves [18]. Zagier asked whether or 
not the relation 6m(l) = m(5) could be proved with elementary calculus [22, pg. 
56]. By an elementary result of Kurokawa and Ochiai [14], m(l) + m(16) = 2m(5), 
Zagier's problem amounts to finding an elementary proof of (2). In this paper, we 
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will present precisely such a proof, answering Zagier's question. The most difficult 
part of the proof follows from (15), which we will derive using the Wilf-Zeilberger 
algorithm. 

In the second portion of the paper, we will present several new g-series expansions 
for Mahler measures. For instance, if ^{q) is Ramanujan's theta function, then 



" i E ^w'). (3) 

^ ^ ' ^ 71= — oo 

where D{z) is the Bloch-Wigner dilogarithm. These sorts of formulas provide an 
easy way to translate Mahler measures into elliptic dilogarithms, and vice-versa. As 
a corollary, we will translate an exotic relation due to Bertin into an identity between 
hypergeometric functions [5] (see formulas (35) and (36)). We are hopeful that this 
line of research will eventually lead to WZ-proofs of exotic relations. Furthermore, 
as remarked upon in the conclusion, it seem likely that some of the mysterious 
(computationally discovered) formulas for l/vr^, may eventually be linked to the 
theory of higher regulators. 

2. An application of the WZ method 

We will begin with a brief review of the WZ method. We will say that F{n, k) is 
hypergeometric, if F{n+1, k)/F{n, k) and F{n, k + l)/F{n, k) are rational functions 
of n and k. Two hypergeometric functions are called a WZ-pair if they satisfy the 
following functional equation: 

F{n + l,k)- F{n, k) = G{n, k + 1) - G{n, k). (4) 

Wilf and Zeilberger proved that if F{n,k) satisfies (4), then it is always possible 
to determine G{n,k) (see [17] and [26]). Their algorithm has been implemented in 
Maple and Mathematica, and as a result it is possible to find WZ-pairs by system- 
atically guessing values of F{n, k). 

Let us consider WZ-pairs where F and G are meromorphic functions of n and k. 
If we sum both sides of (4) from n = to n = oo, the left-hand side of the equation 
telescopes, and we have 

oo oo 

-F(0, k) + lim F(n, fc) = V G(n, A; + 1) - V G(n, k). 

n— s>oo 

n=0 n=0 

In instances where F(0, k) = 0, and lim„_^oo F{n, k) = 0, this becomes 

oo oo 

J2G{n,k) = ^G(n,fc + 1). 

n=0 n=0 

It follows immediately that the series is periodic with respect to k. If the series also 
converges uniformly, and j is an integer, then we can write 

oo oo 

VG(n,A:) = Vhm G{n,k + j). 

— ' — ^ 1— >oo 

n=0 n=0 
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If limj_5.oo G{n, k+j) is independent of k, then we can conclude that for unrestricted 
k: 

oo 

G{n, k) = constant. (5) 

n=0 

We will use this method to prove Theorem 2, which will imply Mahler measure 
formulas such as (2). 

In order to apply the WZ-method to formulas such as (2), we need to relate 
Mahler measures to hypergeometric functions. We will use several of the identities 
summarized in [20]. If r G (0, 1], results from [14] and [19] show that: 



m 



n=l ^ ' 
2, /,N2n+l 



m(4r) =^Y.{^n) 

n=0 ^ ^ 



2nV(r/4)^ 



2n 



Notice that both of these sums depend upon the same binomial coefficients. There- 
fore, if we define s by 

m (4/r) 
m (4r) ' 

we can form a linear combination of (6) and (7) to obtain 

It follows that (r, s) G and r G (0,1], if and only if (8) also gives an explicit 
formula for an algebraic hypergeometric series. By linearity, explicit cases of (8) 
immediately imply formulas for s. Notice that (8) diverges when |r| > 1. 

Theorem 1. The following formulas are true: 

, , , ^ (4n + l) f2nV 1 

"°SP)=l + g (2l)(2n+l) (j2i^- («' 

31og(2)=2 + f ^%±il_p«y 1 (10, 

(2n)(2n + 1) V^y 26^^' ^ ^ 

, , , 11 ^ (15n + 2) f2nV 1 , , 

81og(2)=- + X:^J-^p-^(J -. (11) 

Furthermore, (10) is equivalent to 

4m(2) = m(8), (12) 

and (11) is equivalent to 

llm(l) = m(16). (13) 
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Somewhat surprisingly, we have not been able to prove (12) with WZ techniques. 
While it seems likely that such a proof exists, the identity has so far proven in- 
tractable. This is surprising, since the i^-theoretic proof of (12) is much easier than 
the i^'-theoretic proof of (13). In order to prove (13), we will first prove (15) with 
WZ techniques, and then use that formula to derive (11). It is interesting to note, 
that Mathematica can recognize (9), but not (10) or (11). This probably occurs 
because it is possible to derive (9) using Dougall's theorem [24]. We will also prove 
(9) with the WZ method. 

Theorem 2. The following identities are true: 



r{x)r{x + 1) _ (4n + 2x + l) il + x)^ /2n\ J_ 



^ (2r2 + l)(n + x) (l + x)„ 22 



^ r(x)r(x + 1) _y. (2(2n + l)^(15n + 2) +xP(n,x)) {1 + ^)^ f2n\ 1 
r2(x+i) (2n + l)(2n + x)(2n + x + l)2 (i + |) Jl±£)^ ^ 7 2^ 



(15) 



where P{n, x) = {2n + l)(86ra + 19) + 4x(20n + 7) + 12^^ 



Proof. Although this proof is short, it should be mentioned that a substantial 
amount of work was required to find the necessary WZ-pairs. We will begin by 
proving (14). Let us define the Pochhammer symbol using {x)m '■= ^{x + m)/r{x). 
Now consider the following WZ-pair: 

.(n,.)^-a±^l«i-^, 

a + k)ji)Ai)l ^in + ky ^^^^ 

a + k)Jl)Al)l 2(n + A;)(2n + l)- 

It is easy to see that F(0, k) = 0, and lim„_>.oo F{n, k) = 0. Furthermore, J2'^=o G{n, k) 
converges uniformly, so by the previous discussion we may conclude that 



VG(n,fc)=Vlim G{n,k + j) 

2n\ 1 arcsinfl) 1 



n=0 n=0 



vr ^ (2n+ 1) V n / 22*^ tt 2' 

n=0 ^ ' / \ / 

Rearranging the resulting formula, and letting k ^ x completes the proof of (14). 

The proof of (15) is basically identical to the above proof. Let us consider the 
following WZ-pair: 

An 

F{n,k) = -U{n, k) ■ 



G{n,k) =U{n,k) ■ 



2n + k 

2{15n + 2){2n + lf + kP{n,k) k 
{2n + k + iy{2n + k){2n + 1) ' 2' 



where 



and 



MAHLER MEASURE AND THE WZ ALGORITHM 



Uin,k)- ^ (^ + ^)n(i)n 



+ + (i)r 



P(n, k) = {2n + l)(86n + 19) + 4fc(20n + 7) + 12fc^ 

Then F(0, fc) = 0, limn^ac F{n, k) = 0, and Yl'^=o^(^^ ^) converges uniformly, so 
we have 



f]G{n,k)=f]\imG{n,k + j) 



n=0 n=0 

oo 



6 1 /2n\ 1 _ 12arcsin(l/2) _ 2 



vr ^ (2n + 1) V n / 24*^ tt 

n=0 ^ ' J \ / 

Rearranging the final result, and relabelling k as x completes the proof of (15). □ 

Proof of Theorem 1. The shortest proof of (9) follows from using the definition of 
s, to show that s = 1 when r = 1. An alternative proof follows from using (14) to 
show that: 

^ (4n + l) r2nY 1 , / T(x)T(x + l) 1 

2 + 2 > -\- ^— — = hm TT \ ^ — — ^ - - 

f^^{2n){2n + l)\n J 2^"^ x^q\ r2(x + l/2) x 

= 41og(2). 

Similarly, (11) follows from using (15) to show that 

^ (15n + 2) (2nV 1 , / r(x)r(x + l) 4 

11 + 2 >-^—- — = hm Utt \; ^ — r^-- 

^ (2n)(2n + 1) Vriy 28'^ r2(x + l/2) x 

= 161og(2). 



□ 



Since the formulas in Theorem 2 involve Gamma functions, we can also use those 
identities to prove formulas for the Riemann zeta function. If we consider the Lau- 
rent expansion 

T(x)T(x + l) 1 



TT- _ 

X 



then by (14) we have 



41og(2) + (-2C(2) + 81og2(2)) x + 



, 2. ^ (4n + l) f2nY If (2n + 1) 

-C(2) + 4 log^2) = 2 g ^ J _ (- pij^ + ^„ 

where An is the alternating harmonic series. We can also use a method from [13] to 
find formulas for C(3)- Notice that Gosper first proved (20) (see [23] or [11]), and 
Batir proved (18) using log-sine integrals (combine formulas 3 and 4 on page 664 of 
[1]). Despite the fact that formula (19) is numerically true, it remains unproven. 
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Theorem 3. The following identities are true: 



as) = ly — y--^^'^^ — _ (18) 



4 ~ 



n=0 

oo 



(472 + 3)16'^ 


{2n 






(3r2 + 2)4" 


{2n 


+ l)3(n + l)(^:)^ 




(30n + 19) 



16^(2n + l)3(n+l)Q^ 



n=0 



Proof. The idea behind this theorem, is that shifting the summands in (9), (10), 
and (11) by n — )■ n — 1/2, changes those results into formulas for C(3)- For instance, 
the summand in (10) becomes 



(6n + l) f2n\^ 1 ^ 2(3n + 2)4'^ 



{2n){2n + l)\nJ 26« ' vr2(2n + l)3(n + 1) ' 

In order to make this observation rigorous, we will prove (20) and (18) by using the 
WZ-pairs from Theorem 2. Additionally, a rigorous proof of (19) should be easy to 
construct by first finding a WZ proof of (10). 

Let us shift both sides of (4) by | and and then sum the equation from n = 
to n = oo. Under the hypothesis that lim„_>.oo F {n + + y) = 0, we have 



n=0 ^ ^ n=0 



The right-hand side of the formula telescopes with respect to k. Therefore, sum 
both sides of the equation from /c = to /c = oo: 

i:F(i,* + =,)=-li.„i:G(„+i,fc + y)+f;G(„ + i,,), 

k=0 ^ ^ n=0 ^ ^ n=0 ^ ^ 



In the cases we will consider, all three sums converge uniformly, the limit terms do 
not depend on y, and G (n + |, O) =0. Differentiating with respect to |/, and using 
the notation F*{n, k) = -^F{n, fc), and G*{n, k) = -^G{n, k), the formula becomes 

oo 



k=0 ^ ' n=0 

G(n+iy) 



E^M^'0=E^M^ + ^'o)- (21) 



Notice that G* (ra + |, O) = limy_>.o 



y 

If we use F and G from (16), then the various convergence requirements are 
satisfied, and we can show that 



^ c\ 2 ^ (4n + 3)16" 



V 2' ; ,2Z.(2, + l)3(, + l)(2n)2 
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The sum involving F* is also easy to evaluate. First notice that 



2' J 7r2(2A; + l)2' 
and therefore we can show that 

1 7C(3) 



fc=0 ^ ^ fc=0 ^ ' 

Formula (18) follows from substituting these results into (21). 

In order to prove (20), we will use the WZ-pair given in (17). Once again, all of 
the convergence requirements are satisfied. Therefore, observe that 

1 \ 1 >^ (30n + 19) 



n=0 



2' I 4^^^(2„ + l)3(„+l)f»)'' 



which matches the right-hand side of (20) up to a constant. In order to evaluate 
the F*-sum, simply notice that 

F{-,k 



2' ; 7r2(A; + l)2' 
and therefore 

4C(3) 



I— n V / I— n ^ 



A:=0 ^ ^ fc=0 

Substituting these last two results into (21) completes the proof of (20). □ 

We will conclude this section, by showing that it is also possible to find WZ-pairs 
when (8) diverges. If we consider the WZ-pair: 

{2n + ky {lUl + kf^ 

G{n, k)=- . ^^n{^ + \)n{kH)n . ^g. 

^ > n{2n + ky{l + 2n + k) (i) Ji + A;)^ 

where P{n,k) = 3P + P(20n + 3) -f fcra(43n + 12) + ^^(SOn + 11), then it is possible 
to obtain a finite summation identity 

30n + ll /2n\ ' ^ _ ^ ^ y.' 1 /2n\ 
^(2r2)(2n+l)U; " ^ ^ U J ^22) 

1 /2m\ , l,l,2m,2m . \ 

which holds for m G N. While this formula clearly corresponds to the values (r, s) = 
(4, 1/11), it does not convey any new information about Mahler measures. Equation 
(13) already shows that if r = 4 then s = 1/11. 
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3. Connections with the elliptic dilogarithm 

In the first section of tlie paper, we proved several formulas for Iog(2), which were 
equivalent to relations between Mahler measures. It is probably fortunate that the 
Mahler measure formulas were discovered first. It seems unlikely that equations 
(10) and (11) would have attracted much attention without Boyd's work. In order 
to provide some additional motivation, we will show that our method provides a 
new way to prove relations between elliptic dilogarithms. Let us briefly recall the 
definitions of m(a) and n{a): 

m{a) :=m (a + z + x~'^ + y + y~^) , 
n{a) :=m (x'^ + y'^ + 1 — axy) . 

We examined m(a) in the previous section of this paper, and n{a) has been studied 
in papers such as [19], [20] and [16]. In the next theorem we will prove new g-series 
expansions for both functions. 

Theorem 4. Suppose that q G (—1, 1), and let D{z) = Q (Li2(;z) + log l^l log(l — z)) 
denote the Bloch-Wigner dilogarithm. The following formulas are true: 



1 f; D(^,")=,nU4|^^ 

TT ^ V ^ {-l) 

n=—oo \ r \ j-y 

Q °° 

!_ ^ ^ (e2-/3^n) (3^/^) , (24) 

n.=— 00 

Q 

^Y.^ (^"^'^1 (3 V^) + n (3^/^) , (25) 

n=— 00 

where Lp{q) = , and x{q) = 1 + 27g JJ^ ( — \ . 

n=— 00 n=l ^ ^ / 

Proof. First notice that (24) implies (25). By the elementary functional equations 
for the Bloch-Wigner dilogarithm, |-D(-2^) = D{z) + D{—z), and D{z) = —D{j), it 
is possible to obtain 

D (e"^/^g") = D (e^'^/^g"") + (e^'^/^g^") . 

Summing over n shows that (25) follows easily from (24). 

To prove (23) and (24), we will use an idea described in section 8 of [20]. Consider 
the following formula from [21] (Rodriguez- Villegas first proved a version of this 
formula in [19]): 

' ' j2 (-l)"(2n + l) 



(23) 




^((2n + l)2 + x2(2fc + l)2) 

fc=0 
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9 



where g = e and x > 0. Express the sum as an integral, and then apply the 
involution for the weight-1/2 theta function: 



16 



/ « e--(^+i/2)'-'- J](-l)"(2n + i)e-("+i/2)^« 

\k=0 J \n=0 J 

^ ^ (-l)'=e-^ 5^(-l)"(2n + i)e-("+V2)^« ) au 

\k=-oo J \n=0 



32x 

8x ^ ^ ^ ^ (2n + l) \ X (2n 

k=-oo n=0 V ' ^ \ V 



TT , ...A i-ir fnlkl 



g-7r(2»^+l)|fc|/x 



8x 

If we let X — )■ and then use the following identity 
it is easy to see that 

(2/\\jOO ,oo 
^ ^ k=-oo k=~oo 

The second equality follows from the elementary identity (— (ig''^') = D g)'^) . 
Formula (23) follows from sending q — )■ —q. Despite the fact that this last substitu- 
tion is not rigorous, since we previously assumed that x > and hence q > 0, the 
final result is true. A different proof follows from differentiating (23) with respect 
to q, and then applying the formulas of Ramanujan. 

A proof of (24) can be obtained by looking at the following sum: 

j2 {3k + 1) 



n,k=—oo 



((3A;+ 1)2 + x2(2n+ 1)^ 



Briefly, if this series is transformed into an integral of theta functions, then the 
involution for the weight-1/2 theta function leads to a dilogarithm sum, and the in- 
volution for the weight-3/2 theta function (essentially) leads to Rodriguez- Villegas's 
g-series for n{a) (see formula (2-10) in [16]). □ 

For certain values of q, the left-hand sides of (23), (24), and (25) equal elliptic 
dilogarithms. In order to explain this statement, let us consider an elliptic curve 

E : = 4x^ - g2X - 5(3. 

It is well known that E can be parameterized by {x,y) = {p{u), p'{u)), where p{u) 
is the Weierstrass function. The periods of p{u) are denoted by uj and u', and the 
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period ratio assumed to have SJ(t) > 0. If P = {p{u), p'{u)) denotes an 

arbitrary point on E, and q = e^'^*'^, then the elhptic dilogarithm is defined by 

oo 
n=— oo 

Since we will only be interested in torsion points, we can assume that u = au + bu', 
for some (a, b) G Q^. For appropriate choices of E, the series expansions in Theorem 
4 equal D^{P) at 3, 4 and 6-torsion points. 

Since our objective is to equate Mahler measures to elliptic dilogarithms, we need 
a method to identify the relevant elliptic curves. Let us define /3 using y/1 — /3 = 
The classical theory of elliptic functions shows that we can calculate 
g as a function of /3: 

q = e^-- = exp I -tt ' I . (26) 




T/ N y2 v-L -r -L'±f^ -r ; , , 

= -3 7^ = ,noan (27) 



It is known that g2 and are also functions of q [25]. In Ramanjujan's notation we 
have g2 = |7r^M(g), and g^ = ^Tr^N{q) [2, pg. 126]. Applying formulas (13.3) and 
(13.4) in [2, pg. 127], we obtain: 

gl - 21 gl 108/3(1 - /3)^ 

In general, this relation will allow us to calculate /9 using g2 and (?3, and to re- 
cover gi and gz from values of Since there are six choices of /3 for each g\l g\., 
caution must be exercised to pick the correct /3. In many cases we checked our 
work by numerically computing q from g2 and gj, (with the Mathematica function 
"WeierstrassHalfPeriods"), and then comparing it to calculations using (26). 

Theorem 5. LetE{k,i) denote the following elliptic curve: 

= 4x^ - 27{k^ - 16A;2 + lQ)t'^x + 27 {k^ - 24k^ + 120k^ + 64) e\ 

Formula (13) is equivalent to 

UD^'iPi) = 6D^^{P2), (28) 

where Ei = E{5,2), E2 = ^(16,1/2), Pi = (87,1080), and P2 = (195,432). 
Formula (12) is equivalent to 

5D^'{P3) = 8D^'{P4), (29) 

where E^ = E{8,l/2), E^ = ^(3^2,1), P3 = (51,216), and P4 = (33,324). 

Proof. If we set /3 = 1 — 16/A;^, then we can rearrange (27) to obtain 

gl _ 27 {16 - IGk"^ + k^f 
gl ~ (64 + 120P _ 24fc4 + ^6)2 • 
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Therefore, for some choice of we have 

^2 = 27 [k^ - IQP + 16) f, 

g-i = -27 {k^ - 2Ak'^ + 120/^^ + 64) l^. 

In practice, i will be chosen so that E{k^ t) has a fourth-degree torsion point P. We 
can then use Aip^i^q) /ip'^{—q) = k, along with equation (23), to conclude that 

We will begin by proving (28). It is easy to check that -^(5, 2) has a fourth-degree 
torsion point Pi = (87, 1080) = {p (f) , p' (f)). It follows from the definition of the 
elliptic dilogarithm, that 

m(5) = -D^(5'2)(Pi). 
vr 

A result from [16] shows that m(l) +m(16) = 2m(5), and therefore we have proved 
that 

m(l) + m(16) = -P)^(5'2)(Pi). (30) 

TT 

When k = 16, it is easy to see that £^(16,1/2) has a fourth-degree torsion point 
P2 = (195,432) = {p (f) , p' (f)). Using the definition of the elliptic dilogarithm, 
we conclude that 

m(16) = -^^(iS'I/^HA). (31) 

71 

Substituting (30) and (31) into (13) completes the proof of (28). 

Next we will prove (29). When /c = 8, it is easy to check that £'(8, 1/2) has a 
fourth- degree torsion point P3 = (51, 216) = {p (f ) , p' (f )). Thus, it follows that 

m(8) = -D^(8,i/2)^p^)_ ^32) 

71 

Finally, the elliptic curve E{3\/2, 1) has a fourth-degree torsion point P4 = (33, 324) = 
[p (f) , p' (f)). We can immediately conclude that m{3V2) = ^D^^^^'^^P^). A 
result from [16] shows that m(2) -|- m(8) = 2m{3\/2), and therefore we have proved 
that 

m(2) + m(8) = -D^(3v^'i) (P4) . (33) 

71 

Substituting (33) and (32) into (12) completes the proof of (29). □ 

After considering Theorem 5, it seems likely that more formulas for elliptic dilog- 
arithms will eventually be proved with the WZ method. The most interesting for- 
mulas are probably "exotic relations" , which have the form 

^a^P)^(rP) = 0. 

r 

Bloch and Grayson conjectured several exotic relations [7], and Zagier proposed a set 
of restrictions that E should satisfy in order to possess such a relation [10]. Theorem 
4 shows that certain exotic relations are equivalent to formulas for hypergeometric 
functions. We will conclude this section by reformulating an exotic relation that 
Bertin proved in [5]. 
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Theorem 6. Let E denote the elliptic curve 

= -432x + 1188, 
and let P = (—6,54). Bertin's exotic relation 

1QD^{P)-11D^{2P) = 0, (34) 

is equivalent to 

^«"(^)-«"(^)^^^"(^)- '^^) 

Proof. If we notice that P = (-6, 54) = {p (^^^) , p' (^^^)) , then (34) is equiv- 
alent to 

oo oo 

IQ ^ (e-/3^n-i/2) =11 n {e^^'/'q^) . 

71=— oo n=— oo 

By formulas (24) and (25), this amounts to showing that 



= 16n (^3^x{y/q)j - 19n (s^^iq)^ - 8n (3^/x(q^^ . 

In order to calculate q, we will find it convenient to work in Ramanujan's theory of 
signature 3. If we assume that there exists a /3 such that 



q = exp 



2vr (¥■ 1 - ^ 



then by formulas (4.6) and (4.8) in [4, pg. 107], and the values (?2 = ^'^'^M{q) = 432, 
and gs = §^n^N{q) = -1188, we have 

6912 g'l (1 + 8/3)3 



6971 gl- 27 gl 64/3(1-/3)3' 



and therefore /3 = We can also calculate x{q) explicitly [4, pg. 104], and we find 
that 

1 32 
1-/3 27 

Finally, if we write x{^yq) = and x(g^) = then a and 7 are conjugate zeros 
of a second-degree modular polynomial with respect to (3 [16, pg. 94]: 

27a/3(l - a)(l - (3) - (a + (3 - 2a(3)^ = 0. 
Therefore, with the aid of a computer, we have x{y/q) = -^-"y^^, and x{q'^) = 
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Notice that (35) can be rewritten as an explicit series identity. By a result of 
Rodriguez-Villegas (see formula (2-36) in [16]), we have 

( i7 + V5f' \ {3n)\ f 2^" ^ 2^" ^q f^A^^ 

31og(^ 253118 J (7+v^)3n (7-^5)3- {32 ) ) ' 

(36) 

It would be extremely interesting to construct a WZ proof of (36). It seems likely 
that such a proof would require a more sophisticated argument than the proof of 
(11), since (36) involves irrational hypergeometric functions. 



4. Conclusion 

One of the main ideas underlying this work, is that elementary formulas often 
arise for very deep reasons. For example, Ramanujan's I/tt formulas follow from the 
theory of elliptic functions in a natural way. In the last few years, many of those 
formulas were reproved and generalized with WZ techniques. We have shown that 
formula (2) follows a similar pattern, since it follows from (15). In general, it is quite 
easy to discover formulas like (10) and (11) with the WZ method. Unfortunately, it 
is often very challenging to figure out why some of those results exist. The following 
infinite series is an example of a formula that we could not fully explain: 

12 _i / 1 \ -A 54n2 + n - 1 /2n\ fAn\ 1 

— tan ^ ' > — 'J 1111 



v^/ (3n- l)(3n + l)(4n- 1) V^y V2ny 26"' ^ ' 



Based on the derivations of (10) and (11), it is possible that (37) is somehow related 
to higher L-values. A key challenge is therefore to determine if any L-functions are 
associated to these sorts of higher hypergeometric functions. 

A second important point is that formula (8) involves two g-parameters. In some 
sense, equations (9) through (11) can be be regarded as more complicated analogues 
of Ramanujan's formulas for K One of Ramanujan's major insights was to find 
formulas such as 

3 



n=0 

where A, B, and X are parameterized by theta functions. Since the various theta 
functions are algebraically dependent, the problem of producing rational formulas 
for I/tt amounts to finding rational points on algebraic curves. An easy corollary is 
to also obtain formulas where X is algebraic and irrational. In order to illustrate 
the more difficult nature of formulas such as (10) and (11), we will briefly consider 
equation (23). Using that formula, it is possible to find g-parameterizations for the 
r and s values in equation (8): 

s-^ih± (38) 
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where 

oo oo 

n=— oo n=— oo 

Based on these parametric formulas, we conjecture that r and s are algebraically 
independent for almost all values of g G (0,1). Furthermore, it seems plausible 
that other WZ identities, such as the l/vr^ formulas [12], might arise in a similar 
manner. The largest hurdle in testing such a hypothesis, is to identify functions 
like the elliptic dilogarithm, by starting from sporadically occurring formulas such 
as (10) and (11). 
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